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INTRODUCTION

It is the purpose of this paper to discuss the concept of local sharp
maximal functions, to compute the E and K functionals for the couple
A=(L?(R"), BMO(R")), 0< p< o0, and to provide an insight into the
theory of various kinds of integral operators, such as Calderon—-Zygmund
singular integrals, by means of pointwise inequalities involving such sharp
maximal functions. The proofs we present here are conceptually different
from those in the literature for they rely on the maximal function M,
introduced by John [21] and rediscovered by Stromberg [37].

A word about the five chapters that comprise the paper. Chapter 1 con-
tains the preliminary material, including the definitions of the space L°(R")
and of the approximation functional E. In Chapter 2 we prove the “basic
inequality,” i.e., roughly speaking the principle which allows us to control
the oscillation of a function f in a cube Q by means of the (local) sharp
maximal function M, , /. The quantitative formulation of this principle is
given by an estimate in the spirit of the original statement of the John-
Nirenberg inequality, namely,

{x€Q: [ /(x)—mAQ)| > 1, MZ,5 f(x) < Bt}

< Cle_cmg I f— mf(Q)” ZM(Q)/IP,
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where m,(Q) is a median value of f over Q, c,, c, are absolute constants
and 0< p <0, 0 <g< co. Chapter 3 contains the explicit computation of
the K (and also the E when p = 0) functional for the couple 4 = (L79(R"),
BMO(R™)), 0< p< o0, 0 <g< 0. In particular we show that

K(t, f, L"*(R"), BMO(R"))~ sup s(M&,[)*(s). (1)

O<s<t

There is an underlying principle implicit in this statement, to wit, a known
expression involving L*(R") will remain valid when we put BMO(R") in
its place provided we replace f* by (Mg, f)*. As for (1) we have in mind
the expression

K(t, f, LY (R"™), L*(R™))~ sup sf*(s).

O<s<t

In Chapter 4 we show that the subadditive operators which map L*(R")
into BMO(R™) and L'(R") into L"*(R") continuously, are precisely those
mappings T for which

[{xeR" M Ti(x)>A}| <c|{xe R Mi(x)>c,A}|, A>0,

where Mf denotes the Hardy-Littlewood maximal function of f. The con-
trol in probability, actually an E-functional inequality expressed by this
estimate, can be improved to the pointwise inequality

M, Ti(x) < c Mf(x)

for a wide class of operator, including some pseudodifferential operators of
order zero. Coifman and Meyer [8] have observed that estimates such as
M* Tf(x) < ¢ Mf(x) cannot hold when T = Hilbert transform on R*. These
estimates are important because they imply the continuity of the operators
in weighted L? spaces as well as provide vector-valued inequalities. We
conclude by restating in Chapter 5 the results of Garnett and Jones [13]
concerning the distance in BMO(R") to L*(R") to show that for the pair
A= (L*(R"), BMO(R")) we have

K(taﬂ‘z)zllﬂ(fe_’f”oo> t>0.

where Mg, is a variant of M{,.
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1. THE K AND E FUNCTIONALS

We begin by recalling the definitions of the spaces we consider. The
Lebesgue spaces L?(R"), 0 < p < oo, are as usual the (equivalence class of)
complex-valued, Lebesgue measurable functions f on R” such that

171,= (] e ) <o

In the limiting cases p= o0 and p=0 we require that
I fll o =ess sup | f(x)| <0
and

Iflo=]  dx<o,

respectively.
The Lorentz spaces L7¥(R"), 0<p<w, 0<g<oo, are those
measurable functions f on R” such that

(L[ (v dr\"
17 150= (417 @rrep ) "< 0<pg<on

I oo =sUp t7f*(1) < 0, 0<p<o
and

I Nooso =11/ Nl 0 < 0,

respectively. As is customary we have denoted with f*(¢) the nonincreasing
rearrangement of f. More precisely, if we let |£| denote the Lebesgue
measure of a measurable set £ in R”, and we set

m(f, A)=1{xe R | f(x)| >4}|,
then
[*(@)=inf{A=20:m(f, 1) <1t},

where inf (§ = co. At least formally || f|,,— Il fll as p tends to co and
I £11%,=1l.fllo as p tends to O for each fixed ¢ with 0 < g < co0. These obser-
vations motivate the convenient identifications | f{l,,=fl. and
i/ Nog=1S1llo for 0<g<oco.

If & is a Lebesgue measurable set in R” we shall use the notation L?%(&£)
to denote those functions f whose restrictions to &, fy,, belong to L7%(R")

and we pUt "f" p,q;d‘= " fxl” p.q°
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For 1<g<p<ow, ||,, is 2 norm under which L”/(R") forms a
Banach space; for 1 < p < ¢ < oo the same quantity is equivalent to a norm
under which the corresponding Lorentz class forms a Banach space. In the
other cases we only obtain metric F spaces: for further details see [287].

By a change of variables we see that

2 e o]
1715, =1 [ mp 2y 2 s, 0<pg<o, (L)
0
and we recall that if 1 Sg< p or 1 < p<g< 0, then

J S gl dx, (12)

1/ 1l p.a% sup

where the sup is taken over all measurable functions g such that
lgl, <1 with 1/p+1/p'=1/g+1/¢'=1.

Finally BMO(R") is the John-Nirenberg space of (equivalence classes
modulo constants of) complex-valued, locally summable functions f on R"
such that

||f||*—supmf|—Q|f | fx) = el dx < o,

where the inf is taken over all complex numbers ¢ and the sup over all
finite cubes Q in R" with sides parallel to the coordinate axes. An
equivalent formulation is as follows: set

M7f(x) = sup inf 7

and let BMO(R)={f | fll,=IM*f| <o}

The spaces described above are all examples of normed Abelian groups.
For a couple 4 =(A4,, 4,) of these, with 4, and 4, continuously embedded
in a Hausdorff topological vector space, Peetre’s K-functional is defined by

j | ()= el dy

K(t,a; A)= inf (||aoI|A0+t lall )

a=ag+

for >0 and ae Ay+ 4,. The intermediate interpolation spaces A, are
defined for 0 <0 < 1 as those functions ae A, + A, such that

[es} 1/r
||a||;g‘,=<_[0 (t~°K(t, a; Z))’%) <o, O<r<ow
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and
lall 4, = sup ¢t~ °K(1, a; A) < oo,

respectively. A closely related concept to that of K-functional is the best
approximation E defined by

E(t,a;A)= inf [a—ayll,,

lall gy <:

for t>0and ae Ay + A4,.
As a complement to earlier results [297] it was observed in [20] that the
connection between the K and E functionals can be expressed as follows:

LemMa L1, As a function of t, K(t, a; A)/t is equivalent to the right-con-
tinuous inverse of E(t, a; A)/t; more precisely

K(t, a; A))2t < (E(t, a; A)/t) "' < K(¢, a; A)/1.

Proof. Put K (t a;A)=inf,_, , , max(||lao) 4 ? llall 4,). Clearly
K. (t,a; A) < K(t, a; A) < 2K (¢, a; A). A look at the Gagliardo diagram
I'=I(a, 4)={(x,, x,)€ R: a=aq + a, with |a,| 4, < x, and lalg, <xi}s
see Fig. 1.1, reveals that K (¢, a; A)/t is the right-continuous inverse of
E(t, a; A)/t and this proves the lemma.

We also introduce the approximation spaces A4, as those functions
ae Ay+ A, such that

w© - dn\e
||a||gm=(f0 (tE(1, a;A)/P)qT) <w, 0<p, g<®

and

lall 3,..,= sup tE(t, a; A)'? < oo, 0< p< o,

K ()R (£)/6) = (E(r), 1)

X0

FIGURE 1.1

640/43/3-3
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respectively. From Lemma 1.1 and a change of variables we have that
(Ap,) P~ A, .k, i,

1/6
lal 7, ~ lal (1.3)

where p=6/(1 —8) and ¢g=0r.

2. LocaL MaxiMaL FUNCTIONS

Of the many ways to measure the osciliation of a function the one we
study here in some detail is that provided by a maximal operator
introduced by John [21] and Stromberg [37]. As we shall see it has many
advantages, one being that it is a priori defined for arbitrary measurable
functions rather than locally summable, say. So let f be a complex-valued,
Lebesgue measurable function on R". For 0 <a <} we put

M(’faf(x)=sug infinf{4>0:|{yeQ:|f(y)—cl>A4} <a|Q|}, (2.1)
where ¢ runs over all complex numbers and Q is an arbitrary finite cube in
R™ with sides parallel to the coordinate axes. This restriction on the cubes
Q is assumed throughout the rest of the paper and is therefore not
explicitly stated any more. Often it is not important to take the inf over ¢
since there are optimal choices, namely the median values. A median value
m(Q) of a real-valued function f over the cube Q is a, possibly nonunique,
real number such that

{xeQ: f(x)>m (Q)}I<IQI/2,
[{xeQ: flx)<m(Q)} <1Ql/2.

For f = f, + if; complex-valued, we set m(Q)=m;(Q)+ im(Q).
It is readily seen that

{yeQ: 1/(y)—mAQ)] > 10M§, f(x)}| <« |Q] (22)

for an arbitrary x € Q, and this justifies the above assertion.
From the definition we immediately get that M, f(x) is a lower
semicontinuous function of x and that

ME(f+8)(x) S UM, f(x) + M, 8(x)).

Less trivial properties follow by comparison with another maximal
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operator, M,,f(x), defined for complex-valued, Lebesgue measurable
functions f on R” and 0<a <3, by

Mo,mf(x)=surQ> inf{420:[{yeQ: 1 /(W) >4} <a|Ql}.  (23)

M, , fis also lower semi-continuous,

Mo (f+8)(x)<2(Mo ) f(x)+ Mg,y g(x))

and

HyeR™ | f(n >} <I{yeR" Mo, f(y)>4A}]
<S"H{yeR"|f(p) > A}l/a (24)

Here the left-hand side inequality is an easy consequence of the identity
{yeR" M,,f(y)>A}={yeR" M(y />, y)>a}, where M denotes the
Hardy-Littlewood maximal operator and the right-hand side inequality
follows by a usual covering argument.

If Q is an arbitrary open set in R” it is possible to define localized ver-
sions M, , and M, of the maximal functions Mg, and M,,, respec-
tively, by restricting the cubes in (2.1) and (2.3) to subcubes of Q.

We are now ready to present the “basic inequality” which relates the size
of f to that of M{, f.

THEOREM 2.1. Let Q, be a fixed cube. If f is a real-valued, Lebesgue
measurable function defined on Q,, there is a constant ¢ = c(n) such that

1{ye Qo | f(3) = mHQo)l > 1, MZ,.0, f(¥) < B1/10}]|
<cln) o |[{ye Qo | f(¥)—miQo)l > (1= B) 1, ME, 0, f(¥) < Bt/10}|
for0<a<iand all 0< <1 and t>0.

Proof. The proof makes use of the following version of a Whitney-like
decomposition, namely

LeMMA 2.2. Let Qg be a fixed cube and suppose that O is an open set

relative to Q, which is strictly contained in Q. Then there is a sequence
{Q}., of cubes such that

0=UQka

1Q:n Q=0 if i#]),ij21,
diam Q, <dist(Q,, Q¢ N O°) <4 diam Q,, k=1.



238 JAWERTH AND TORCHINSKY

The proof of the lemma only requires simple modifications of the one in
[35, p. 167], and is therefore omitted. In fact it follows that the cubes Q,
can be chosen so that diam Q, =2 " diam Q,, for some integer m = m(k),
k>1

We return now to the proof of the theorem. With no loss of generality
we may assume that m{(Q,)=0. Let ¢, be an open set in Q, which con-
tains

U={yeQ: M, f(y)<Bt/10}

and let @ be another open set containing

U={yeQo|fy)>(1—~p)t, M, 5 f(y)<Bt/10}
U{ye Qo Moyy0,f(y)>(1—=p) 1}
Assume first that we can find such a set O strictly contained in Q, and let
{Q:}_; be the decomposition given by Lemma 2.2. The particular nature

of this decomposition implies that each Q, is contained in a cube Q) = Q,
such that

X, €Q0,nO°#7 and  diam Q,<10n'?diam Q,, k>1. (2.5)

Clearly
f(x)=3 (fx)=e) 1al¥)+ X cixolx) + f(x) xodx),

k=1 k=1

where ¢, = m (Q}). Thus
{yeQo: /(D >1, ME,.5,f(y) < B1/10}|
< Z |{y€Qk: |f(J’)—Ck| >ﬁt’ M(fa;Qof(y)sﬁt/lo}l

k=1

LY {reQilad>(1-B) i)=Y A+ Y B say.
k=1 k=

k=1 1

Each B, in the second sum vanishes. Indeed, for any Q < ), we have, since
[ is real-valued, that

IMAQ)I < inf Moo f(x),  0<a' <4,

Hence

lekl € Mo yja0, f(x) < (1 =)t
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As for the first sum, from the choice of @ and (2.5) we see that

Y A< Y {yeQul f(y)—c > Bt, ME, 5,/ (y) < p1/10}

k=1 k=1

<o 3 QK <a(10n'2)" 0.

k=1

Since O >% is arbitrary we conclude that

{ye Qo | f(W) > 1, M0, /() < B1/10}]
<a(10n'?)'(1{ye Qo: | f(P)| > (1= B) t, M, .5, f(¥) < B1/10}]
+1{r€ Qo Moy, /(y)>(1—B) 1}])
<a(50n2)" |[{ye Qo | f(9)] > (1 = B) t, ME,.0,f () < B1/10}],

according to (2.4) since (), is arbitrarily close, in measure, to %,. This com-
pletes the proof, with c(n) = (50n"?)", provided we can find @ strictly con-
tained in Q,. However, if this is,not possible it must be because one of the
sets

{reQu 1 f(W)>(1~p)t, ME, 0, f(y)< Bt/10}
or
{ye Qo My a0, f(¥)>(1—=B) 1}

is essentially Q,. In any case, from (2.4) it follows that

2077 1Qol < {ye O | f(¥)| > (1—=p) 2}
Since m(Q,) =0, by (2.2) we have that

{yeQo: /W) >t ME,5,f(¥) < B1/10}]
<l{yeQo | f(y)>10 xiféo M0,/ (X)}| <o |Qol

<a20" [{yeO: | f(»)I>(1-B)t}].

As the measure of the set {ye O,: | f(y)| > (1 — ) t} can again be assumed
to be arbitrarily close to that of {yeQu|f(WI>1-8)¢

M, 0./ ()< Bt} our proof is complete.

A theorem in the spirit of the above result with M*f in place of M{, ., f
goes back to Fefferman and Stein [12].

The basic inequality has a number of interesting consequences. We men-
tion here only those which play a role in what follows. First we charac-
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terize the spaces obtained by applying L”¢ norms to Mg, ; starting with the
case p=0 we have

COROLLARY 2.3. There is an ag=oag(n) such that for 0 <o < ag(n) there
exist constants ¢;=c;(a, n), j=1,2, so that for each measurable function f
there is a constant ¢, such that

¢y ||f_cf||o< ||M?faf”0<02 ||f—Cf||o—

Proof. The right-hand side inequality is clear. Indeed, since for any con-
stant ¢ we have M, f(y) < M, (f—c)(y), from (2.4), it follows that

HyeR" ME f(y)> 1} <S"[{yeR™|f(y)—c|>t}|/o

Thus letting ¢ decrease to 0 we get the desired inequality with ¢, = 5"/a.
This inequality is true for each ¢, but of course it is trivial except for a uni-
que value.

As for the left-hand side inequality it follows from

LeMMA 24. Let O<a<i If Qo= Q, are two cubes with |Q,| <2 |Qol,
then

Im Q1) ~mQ0)| <20 inf M, /(x).

Proof. Suppose the desired conclusion does not hold. Then {ye Qy:

| /() —mAQo)l <10inf, . o, M, f(x)} and {yeQq|f(y)—mAQ,) <
10inf, . 5, MZ, f(x)} are disjoint sets and by (2.2) it follows that

201Qol 22 1011 = 1{y € Qs: | /(¥) —my(Q1)] > 10 xisngo Mg, f(x0)}]
2 1{ye Qo | /(»)—mA{Qo)| <10 xienéo M, /()= (1—a) |Ql,

which is a contradiction.

We return to the proof of the corollary. If Mg, f€ L%(R"), then for Q,
sufficiently large we have that inf, o, M, f(x)=0. Let {Q,}c50 be an
increasing sequence of cubes with |J; 5o Qr=R". By Lemma 2.4 we know
that m(Qo,) =m(Qy), k> 1. Also the basic inequality applied to each O,
with 0 <« < 1/2¢(n) gives that

H{yeQu | f(»)—mAQo)l >t}|
<H{ye Qe f(»)—mAQo) >t, M, 0, f(¥) < Bt/10]}
+{yeQu: ME, o f(y)>Bt/10}|
<31 f —mAQolloso, + I ME, S llo)s
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whence the conclusion follows by first letting ¢ tend to 0 so that

I f— mf(QO)”OQk\”M f”o

and then letting k tend to infinity.
In Corollary 2.5 we discuss the other end-point case, namely p = co. We
have the following result due to John and Stromberg.

COROLLARY 2.5. There is an oy=oy(n) such that for 0 < a < ag(n), there
exist constants ¢;= c;(a, n), j=1, 2, so that for each measurable function f we
have

Ll fle SIME flleo <2 1 f 14

Proof. For each fixed cube Q and each ¢ >0 there is a constant ¢’ such
that

Ij () —c|dy<(1+e>mf,Q|f | f(3) el db.

Hence by Chebyshev’s inequality we see that

e Q: 1S =e1>01<] 1) =¢1 dfi<(1+) 101 1F It

Thus we readily see that

IME S N o <N S 1/
On the other hand for any large N and a fixed cube Q

1) =" 1{ye: 1f(3)=mAQ)I > 1}l ds

Mg, f o

<OIME oI+ | 1(reQ:1 /(0 -mQ)> 1)l ds

By taking f:/10=|M*f | and o < ay(n) = 1/4c(n) in the basic inequality
we see that the last integral can be estimated by /(N)/2. Hence

IN)2<20 |ME. /o 1Ql,

and by letting N tend to infinity, taking inf over all ¢ and sup over Q we
have

17l <sup— [ [£(3)=mAQ)| dy <40 IME,f ..
o} 9] Qo

as we wanted to show.
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Finally for the intermediate values of p we have

COROLLARY 2.6. Let 0<p< oo, 0<g<oo. There is an oy = oy(n) such
that for a <o, there exist constants c¢;=ca,n), j=1,2, so that for each
measurable function f there is a constant ¢, such that

Cy ”f_cf”p,q< “Mg,eafnp,qSCZ ”f—cf”p,q'

Proof. The right-hand side inequality is obvious and follows as in the
proof of Corollary 2.3 now with ¢, =(5"/a)"?. As for the left-hand side
inequality, to fix ideas we prove the case p=g¢, the other cases requiring
only trivial modifications using (1.1). Let fQ denote the cube with the
same center as O and with side length g times that of Q. If M, f is in
L?(R"), then

ing Mg, f(x)<IMEfIl, 1017,

Hence by Lemma 2.4 we see that if Q, denotes the unit cube centered at the
origin, then m/{2*Q,) converges to a number c, as k tends to infinity and
that

ImA2“Qo) — ¢/l S20(1 =277y 1 275 | ME f1|,.
Set A, =20(1—-2""7)" 127 " Mg, f|,. Clearly for each large N

pJONHyEszO: If(y)_-cfl >[}| Pl de
SpLN 1{y €240 | f(3) = mA2%Q0)| > 1/2}] 7~ dit

24k
+p) 1y e 2'Qu Im(2Q0) ¢/l > 2} =

The second summand in the above sum is less than (24,)” |2°Q,| =
2 |ME, f2 with c,=40(1 —27"?)~!. As for the first, we can use the
trivial estimate

1{y€2“Qo: | f(y) —mA2°Q0)l > 1/2}
< H{ye2Qo: 1 /() —mf24Qo)| > 1/2, M&, f(y) < 1/40}
+{ye2Qo: ME, f(y)> 1/40}1,

and the basic inequality with f =4 and a <ay=1/c(n)4”*'. We then see
that

N
[ ez Qe f) -~ el > )| 7 di<e, IMES I
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with ¢, =407+ c# and we obtain the desired conclusion by first letting N
and then k tend to infinity.

Using the ideas in the proof of the basic inequality, it is possible to prove
an extension of John—Nirenberg’s lemma.

THEOREM 2.7. Let O0< p< oo, 0<g< 0 and let Q, be a fixed cube.
Then there are constants ¢, = ¢,(a, n) and ¢, = c,(a, n) such that

{ye Qo | f(¥)—my(Qo)l > 1, ME,.5,f(y) < Bt}
Scre” Y| f—mA Qo2 401"

provided that o < ay(n) is sufficiently small.

Proof. There is no loss of generality in assuming that f is real-valued. In
case f > 155, Chebyshev’s inequality yields the required estimate. So assume
that 1/(k + 1) < B < 1/k for some integer k> 100. The basic inequality in
Theorem 2.1 states that

I={ye Qo [f(y)—mAQo)l™> 1, M, 0, f(y) < B1/10}|
Scm)al{ye Qo |f(¥) —mAQo)l > (1 —B)t, MZ, 5,/ (y) < Bt/10}.

Put /=(1—p8)t, f=p/(1—p) and note that the right-hand side can then
be estimated by

cm)a|{yeQo: | f(¥)—mAQo)l > (1 = B) i M, o, [(¥) < B/10}].
Since (1 —f) f=(1—2pB)t and Bi= Bt we readily see that

I<(e(n) o) [{y € Qot | f(¥) —mf(Qo)l > (1 =2B) t, M., f(¥) < p1/10}].

Since 1 —kf >0 we may iterate this procedure j times for any integer j so
that 1 < j <k obtaining

I<(c(n)a) [{ye Qo | f(y)—mAQo)l > (1 —jB) t, ME, o, f(¥) < Bt/10}].
By Chebyshev’s inequality the right-hand side above can be estimated by

(c(m) o) || f = mA Q)5 4:0,/t"(1 — jB)".

Thus choosing j=1/[f/2], « appropriately small and making the trivial
change from B/10 to § in I, proves the theorem.

COROLLARY 2.8 (John—Nirenberg lemma). Let Q be a fixed cube and let
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AAQ)=sup, .o M&, ,f(x). Then there is an o, = ay(n) such that for a < aq
there exist constants ¢, =c(a, n), ¢, = c,(a, n) so that

{yeQ: 1 f(y)—mAQ)| >t} <cre” 2.

Proof. If A{Q)= +oo0, there is nothing to prove, so we may assume
that 4/(Q) is finite. By considering the real and imaginary parts of f
separately, we may assume that f is real-valued. Again if ¢ is small,
t < A/(Q) say, there is nothing to show, so we may assume that > 4(Q).
In Theorem 2.7, now set f = A(Q)/t, p=0 and 0 < g anything, and observe
that M, /()< Bt = A[Q) for each ye 0 and that ||(f —mA0Q)) xollo<
|Q|. Therefore

{yeQ:lf(y)—mAQ) >t} =1{ye Q:1f(y)—mAQ)| > t, M&, o /() < Bt}

<c,e — ¢t/ Ap(Q) |Q|

provided that « is sufficiently small. This is the desired result.

Remark 2.9. The estimate

H{ye Qo [ f(y)=mAQo)l >t} <c(n) all{y € Qo: ME,.,f(y)> Bt/10}|
+1{ye Qo 1 f(¥) =mAQo)| > (1 - ) 1}]) (2.6)

for0<a<3, 0<f<1,t>0and ft>10inf, o M, f(x), is proved in a
similar, yet somewhat simpler way than Theorem 2.1. Nevertheless, the
interested reader can verify that (2.6) suffices to yield Corollaries 2.3, 2.5,
2.6, and 2.8.

Remark 2.10. There is also a version of Theorem 2.7 with the finite
cube Q, replaced by R”", cf. Corollary 2.2. The quantity || f~mAQo)ll 5.4:00
is then replaced by | f—c/| ,, or equivalently by |MZ, f1,, (cf. [38]).

Remark 2.11. We recall first a couple of definitions. We say that a
positive, locally summable function w(x) defined on R” is a doubling
weight if there is a number d>n and a constant ¢ such that for each x in
R" and for each r>0 and > 1 we have that

w(B(x, tr))= J w(y) dy < ct®w(B(x, r)).
{yeR"|x—y|<tr}
It is a well-known fact that many of the results which hold true for
Lebesgue measure remain valid for doubling weights. Here this is the case
under the appropriate circumstances, namely, let

Mg, f(x)=sup infinf{4 >0: w({ye Q: | f(y)—p(y)| > A}) <aw(Q)},

xeQ@ p
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where p runs over the polynomials of degree m =m(d). Then basically all
weighted analogues remain valid. Assume that in addition w is an 4,,(R")
weight, that is, for every ¢>0, there exists 6 >0 such that if £ is an
arbitrary measurable subset of a cube Q and [£|/|Q|<J, then
w(&)/w(Q) <e. Then in this case there is an o' =a'(a, n, w) such that

M(;)‘,éu;wf(x) < CMgfa'f(x)'
The consideration of weights also allows us to extend the above results

in a different direction, namely, to the consideration of the vector-valued
analogues. In this setting we have

THEOREM 2.12. Let 0<p< o0, 0<g< o0, and O <r< . There is an
oy = oto(n) such that for a < oy, there exist constants k,, k, (depending on a
and n alone) so that to each sequence {f;} ;- of measurable functions on R"
there corresponds a sequence {c;} -, of complex numbers such that

(pimer) ], <lzwen) ],
(z1smor)”

ki

< '

»q

<k,

pq

Proof. For s>0 set

Mo =sop (1 [ 1700 )

Clearly for any constant ¢ and 0 <a <1 we have

Mg, f(x) S M(f = c)(x)/a™.

Now let s<min(p,r). By the vector-valued version of the Hardy-
Littlewood maximal theorem due to Fefferman and Stein (11), it follows

that
1/r
l (o)
J

for arbitrary constants {c;},,,. Of course there is only one choice of the
c;s for which the inequality is possibly nontrivial.

To prove the other inequality we use duality. If I=
I AME, /) )|l g < 20, then by Corollary 2.6 there are unique constants

<k,
Pa

(?. e.py)

Pq
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¢/s such that f;—c; is in L7(R") for each j> 1. This is our choice for the
¢;’s. Now choose ¢ so that

1<r/t, p/t < o0, 1 <g/t< o0.
Then by (1.2)

”(; | fi— le,)l/r

where the sup is taken over all sequences {g;} ., with

1/(r/t)
” <§ | g]l (r/l),)
J

Moreover |g;(y)| < M, g;(y) for each s and M, g; satisfies the 4, (R") con-
dition with the &’s and d’s in the definition independent of j if now s> 1 (see
[9]). Hence by the known weighted results, see Remark 2.11 and [267], we
get

1

<sup [ T 1A -cl g4y d,

g

<L
(p/1y (afty

J 150 =l g dy<| 150)=cl Mg y)dy
(2.7)
<e| (MES) Mg(3) dy.

Again by the results of Fefferman and Stein we have that

N\ W/t
(gonr)
i (p/t),(q/t)y
) 1/(r/ty
<Z |gj|(r/t) )
J

if s <min((r/2)’, (p/t)’). From this fact and Hélder’s inequality, (2.7) yields
the desired conclusion at once.

<c s¢

(p/1).(q/ty

Remark 2.13. Theorem 2.12 also holds for doubling weights if we
replace M, by Mg, and the constant ¢, by a polynomial. This is clear
from the above proof once we observe that Fefferman—Stein’s vector-valued
theorem remains true in the weighted case if the Hardy maximal function
M is replaced by its weighted analogue. The appropriate Lorentz spaces

L749(R") in this case are composed of those functions f such that

o 1/q
e =(p [ Wy RSO > e ot ar) <o,

O<p<oo, O0<g< oo
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and

1S | pcosw =sup tw({y € R™: | f(y)| > 1})" <00, 0<p<c0.

3. INTERPOLATION RESULTS

We begin this section by reformulating some of our previous results in
terms of the approximation spaces 4, ., and then proceed to compute the
K and E functionals for the L”Y(R") spaces with 0<p,g< o and
BMO(R"). In fact we treat the case p=0 for the E functional as well. We
start out by restating Corollary 2.6 as

THEOREM 3.1. Let 0< p< oo, 0<g< 0. Then

(L% L), .x~(L°, BMO), , r~ LP9(R").

Proof. A well-known result of Peetre and Sparr [29] states that
Et, f; L% L®)=|{ye R | f(»)| >t} =m(f; 1). (3.1)

In fact these authors show that E(z, f; L™, L°)=f*(¢), which is equivalent
to our statement since E(t,f;L° L*)"'=E(, f:L*, L% (see the
Gagliardo diagram in Section 1). Hence (L°, L*®), ...~ L?(R") is just one
of the possible ways of defining the Lorentz spaces, as was done in (29). On
the other hand using the trivial inequality

[fle<elfllos
we readily see that
E(t, f, L°, BMO)< E(ct, f; L, L™)
and
SN 208809506 < €1 1S N 20,22, g

Moreover, modulo constants and provided that « > 0 is small enough, we
have that

IME fllo<clfllo and  [ME flle<clfil
Therefore we get that

[{yeR" M¢, f(y)>t}| <c,E(c,yt, f: L°, BMO). (3.2)
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Then Corollary 2.6 gives

NN o< e N f N ieo8rm0)p0e
which completes the proof of the Theorem.

Theorem 3.1, in its equivalent formulation with the K-intermediate
spaces, is essentially due to Hanks (15). Next we consider the question
whether the estimate (3.2) is in fact an equivalence, as (3.1) suggests the
case may be, but with L*(R") there replaced with BMO(R"). That this is
the case is our next result.

THEOREM 3.2. Let 0<a<(1000nY2)~". Then there are constants c,,
1< i< 4, which depend on a, such that for t>0,
¢ [{yeR" MZ, f(y)>c t}| < E(t, f, L°, BMO)
<cs|[{ye R M¥, f(y)>cat}l.

Proof. We must only show the right-hand side inequality. We begin by
describing what roughly amounts to be an optimal decomposition for the
given function f in L°(R")+ BMO(R"). Let ¢ be the open set of finite
measure defined by 0= {ye R" M¢, f(y)>t} and let {Q;} be a (dyadic)
Whitney decomposition of @. From (2.5) it is clear that with = 10n'/?
each cube fQ; contains some point x; in 0. With ¢;=m/(Q;) we set

fO=Z(f_Cj) Xg, and f1=ZCjXQj+mef-

Of course f=f,+ f; and | follo < |@|. Invoking Corollary 2.3 it will suffice
to prove that

M0 S 1l o S ct.

For this purpose let Q be a fixed cube and let J be the collection of those
indices j such that |QnQ;>0. For ¢ and C constants to be chosen
appropriately, we estimate

H{yeQ:1fily)—cl>Ct}l=} [{yeQnQ;lc;—c|>Ct}]

jeldJ

+ {yeQ@n 0| f(y)—cl>Ct}l.

We consider three mutuaily exclusive cases, to wit:

(1) Q<05 in this case the first sum above vanishes. Also with the



LOCAL SHARP MAXIMAL FUNCTIONS 249

choice ¢ =m/(Q) we get, using (2.2) and the fact that M, f(y)<tfor y in
Q, that

H{yeQ:1fi(y)—cl>10t}| <a |Q| <|QI/4;

(2) diam(Q)<diam(Q;,)/5 for some j,€J; by the properties of the
Whitney decomposition it is clear that

(i) 9n0°=(,
(i) diam(Q,)/10 < diam(Q,)) < 10 diam(Q,), j J, and
(i) U,.,0,S10Q,.

In this case we put ¢ =m/(108Q; ). As a consequence of (ii) and (iii), as in
the proof of Lemma 2.2, we get that |c —c;| <20t for all j in J, provided
that « is sufficiently small. Thus choosing C =20 because of (i) we see that

{yeQ:|fily)—cl>20t}| =0;

(3) diam(Q)>diam(Q;)/5 for all j in J; this time we have that
U,;,0;S10Q and that the cube 10fQ contains some point X with
M¢, f(X)<t. By the triangle inequality

{ye@nQyle—c]>20t}| <|{yeQ@nQ;: | f(y)—c|>10t}]|
+1{ye@n Q1 f(y)—c|>10t}],

whence it folléws that

{yeQ:1fi(y)—cl>20t}| < |{yeQ: | f(y)—c|>10t}|
+ Y 1{yeQ: | f(y)—cl|>10¢}].

jeJ

Now set ¢=m(108Q). Replacing Q and Q, by the larger sets 108Q and
10BQ;, respectively, we get that

1{yeQ: Ifl(y)—0|>20t}l<a(l10ﬂQ| S rﬁle)

jed

<22 |108Q[ < 1Q1/4,

because all the Q)’s are disjoint subsets of 100 and 2x(108)" < 1.
Altogether the above inequalities show that

”M(;’,é1/4f ” o S 20¢.
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We conclude that

EQ20x 107, f; L°, BMO)< |{ye R": MZ, f(y)>t}|

which is what we wanted to show.

Combining Theorem 3.2 with general properties of intermediate spaces
the reader can readily obtain several interesting corollaries. We single out
three facts to discuss in detail, the first is the computation of the
K-functionals.

COROLLARY 3.3. Let O<p< oo and 0<qg<oo. Then for t>0 and
fe L7 (R")+ BMO(R"), we have that

l/q

K(t, f: L%, BMO)~ ( L (sYP(ME, f)*(s))" i‘if) 0<g<oo

and

K(t, f; L"*, BMO)~ sup s'P (Mg, f)*(s),

O<s<t
provided that 0 < a < oy = ag(n) is sufficiently small.

Proof. The general principle we will use is essentially the inverse of the
better-known Holmstedt’s formula (16) and states that for a pair
A=(A4,, A,) of normed Abelian groups,

_ o ds 1/q
K(, a;Ap,q;E,A,)z(jo (" E(s, a;Al,Ao))q;> O0<g<o (33)

and a similar statement for g = oo. The reader can consult Jawerth’s paper
(20), where, however, “our” E-functional is denoted by E. Now according
to Theorem 3.2 we have that

E(s, f; BMO, Lo) = Es, f; Lo, BMO) ™'~ (M, f)*(s). (34)
Thus putting (3.4) in (3.3) yields

Iz ds\ 174
(s, £ L7, BMO)zU (s"P(ME. f)*(s5))" ?) 0<g<oo
V]

(and a similar expression for the case g = oo) since by Theorem 3.1 L™~
(L° BMO), ,.r. This completes our proof.
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Other characterizations of the K-functional are easily obtained if we use
an improvement of a result by Stromberg [37]. Set

l/p
M f(x )—supmf( jlf(y)—clpdy> -

1Y
We then have

LEmMMA 3.4. Suppose that 0 < p < oo. Then for f in L?(R")+ BMO(R")
there are constants ¢, ¢, such that

ClAJ{)M(;;,éoz.f(x)< M:ff(x) gCZM,(J[‘4(?)‘f0(f‘(x)
provided that 0 < a < ay(n) is small enough.

Proof. Fix an arbitrary cube , containing x,. According to
Corollary 2.6

1/p

1 t/p
N1 - pd # p
(b 1m0 ) "< [ Mzt )
< CMPMO.af(XO)’
which readily gives
M? f(xo) <cM,MF, f(xo).

For the converse, we fix again an arbitrary cube (, containing Xx,.
Clearly

M(;)‘.éaf(x) S M(;)‘fa;ZQof(x) + RO,a;2Q0f(x)’

where R ,.ng, is defined as M, except that the supremum is only taken
over those cubes Q with 0 (2Q,)° # .
Now

M(;fa;ZQof(x) < MO,u:ZQo(f - C)(X)

for any constant ¢, and Ry, is basically constant on Q,; more precisely

Sup RO,a;ZQof(x) < ]nf M(fa’f(x)
xe Qo xe Qo

with o’ = a(2/3)". Hence, by (2.4)

U e o N (1 L
o r < P
<;Q0|JQO 8/ (X) ") \C(:zQaLQo'ﬂ” “ ")

- Mg f(x) <M f(xo)

640/43/3-4
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where the last inequality follows from Chebyshev’s inequality as in the
proof of Corollary 2.5. This completes the proof of the lemma.

The lemma is a limiting case of the statement that

M,MZ f(x)~M7 f(x)

if 0 < p’ < p < oo, which can be proved in a similar way. In particular com-
bining the lemma with Corollary 3.3 we get the following result, due to
Bennett and Sharpley [4].

COrOLLARY 3.5. Let O<p<oo. Then for t>0 and f in L?(R")+
BMO(R") we have that

K(t, f; L”, BMO)~ (M} f)*(7).
Remark 3.6. It is also easy to see that
oy [{yeR:M,ME, f(y)>c,t}| <E(t, f; L7, BMO)
<cs {yeR" M, Mg, f(y)>cqt}l

again by using Theorem 3.1 and general properties of interpolation spaces
(or by taking inverses in Corollary 3.3). Clearly ¢, ¢,, ¢3, ¢, depend on .

Remark 3.7. It is apparent that the results of this section hold, with
minor changes, in the weighted case as well, provided that the weight w
satisfies a doubling condition. For instance, it may be shown that
E(t, fi L°(w dx), BMO(w)) is, up to equivalence w({M¢g,. f>1t}) if « is
small enough (cf. Remark 2.11). This result leads, as we saw at the
beginning of this  section, to K(1, f; LP(w), BMO(w))=
([P Iw({ME,..f>1})] " '(s))? ds/s)"%, g< oo, and a similar expression
when g = o0.

We close this chapter with an extension of a result of Riviére [30].

THEOREM 3.8. Suppose that T is a subadditive operator which maps
LPoo(R™) into LY*(R") and L*"'(R") into BMO(R") continuously, where
0<po<p; <0, 0<go< 0, O0<rg, 1y, so<o0. Then if 1/p=(1—-0)/po+
0/p,, /g=(1—8)/q,, for 0<8<1, and 0 <r<s< oo, we have that T maps
LP(R") into L**(R") (modulo constants) continuously and there is a con-
stant ¢ which depends only on n and the norm of the operator in the given
spaces such that

Tl g < e 1SN pore
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Proof. 1t is readily seen that the assumptions imply (and are in fact
equivalent to)

E(t, Tf; L%, BMO) < c, E(c,t, f; LP>7, L),

The details needed now to complete the proof, being immediate, are left for
the interested reader to provide.

4. INTEGRAL OPERATORS

Riviére’s interpolation theorem in the particular case of subadditive
operators mapping continuously L'(R") into L*(R"), or of weak-type
(1, 1), and L*(R") into BMO(R"), or of type (o0, *), has from the classical
point of view some of the most important applications. In this context see
also Spanne [32] and Stampacchia [33]. We look therefore more closely
to that situation and give in Propositions 4.1 and 4.3 two characterizations
of such operators. We then consider, more in detail, integral operators T
with a structure that, roughly speaking, makes them look more like the
Hardy-Littlewood maximal function. For these operators we are able to
derive pointwise estimates involving maximal functions in the spirit of the
ones obtained by Coérdoba and Fefferman [9] but preserving the weak-
type information. We close the chapter with applications of these results to
weighted and vector-valued inequalities.

Let us then begin by considering a subadditive operator T such that

T: L'(R")>L'"(R"):; T: L®(R")—>BMO(R").  (41)
Of course (4.1) implies that for fin L'(R")+ L®(R") and all >0
K(t, Tf; L', BMO) < cK(t, f. L', L*). (42)

However, by Theorem 3, K(t, Tf; L"*, BMO)~sup,_,_, s(ME, ThH*(s),
provided that « is small enough, and it is well known that
K(1, f; L', L) = [ f*(s) ds. Hence we may rewrite (4.2) as

sup (Mg TH*s)<e | " rx(s) ds. (43)

O<s<t V]

By letting ¢ tend to co, we observe that (4.3) implies that T is of weak-type
(1, 1), modulo constants, and by first setting s=1¢ in the left-hand side,
dividing by ¢ and then letting ¢ tend to 0, Eq. (4.3) also gives that T is of
type (a0, *). Equations (4.1) and (4.3) are thus equivalent. Moreover, since
H(Mf)* ()= [i f*(s) ds, by taking inverses in (4.3), we obtain

640/43/3-4 *
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PROPOSITION 4.1. A subadditive operator T is of weak-type (1, 1) and
maps L*(R") into BMO(R") continuously if and only if for every f in
LY (R")+ L®(R") and t >0,

{ye R M, Ti(y)>t}| <c, |[{yeR" Mf(y)>c,t}|

for some constants ¢, ¢, depending on n, a, T, provided a < oay(n) is suf-
ficiently small.

Proposition 4.1 is the prototype of statements involving Lorentz spaces,
weighted spaces and other spaces of interest in harmonic analysis. Using
the known K-functionals in the various cases the reader is invited to
provide the statements of the results analogous to Proposition 4.1 in these
settings; the following case which may serve as another illustration of this
principle is also of interest to us.

PROPOSITION 4.2. A subadditive operator T is of weak-type (1, 1) and
maps BMO(R") continuously into itself if and only if for every fin L\(R") +
BMO(R") and t>0

[{yeR" MZ,Ti(y)> 1t} <c, [{ye R M*f(y)>c,t}]

for constants ¢, c, depending only on n, a, T, provided that o < oo(n) is suf-
ficiently small.

Proof. Similar to that of Proposition 4.1.
The second characterization of operators satisfying (4.1) is given by
PrOPOSITION 4.3. A subadditive operator T is of weak-type (1,1) and

maps L*(R") into BMO(R") continuously if and only if for every cube Q in
R, fin L"(R")+ L™(R") and t >0,

[{y e Q:ITE(y) — mrd @)l > t}] < cre™ V= min(|Q], || f114/1)

Jfor some constants c,, ¢, depending only on n and T.

Proof. First suppose that T satisfies (4.1) and that f'is essentially boun-
ded. Then

I{yeQ:|T(y) —mu(Q) >t}
<|{yeQ: |Ti(y)—m( Q) > t, METHp)<c || fll oo}
+1{ye@: MZ,Ti(y)>c | fllw}l-

The second summand in the right-hand side vanishes if ¢ is sufficiently
large. As for the first summand we apply Theorem 2.7 with f=c || f ]/t



LOCAL SHARP MAXIMAL FUNCTIONS 255

and p=0 and also p = 1 in case fe L'(R"), otherwise the estimate involving
| £, is obvious. If f¢ L*(R") the estimates are equally trivial. This proves
the necessity of the condition.

To show the sufficiency we begin by observing that the statement concer-
ning the type (oo, *) is immediate. Suppose now that fis integrable and let
{Q;}7, be a sequence of cubes increasing to R". We claim that
lim; , ,, my{Q;) = crc exists. Indeed, let 0 <e<1 be fixed. It will suffice to
show that there is a sufficiently large index N such that for j, k > N,

Im1dQ;) —mrd Q)| <e. (44)
Let j<k. Then
I=|{yeQ; Im{Q)) — mrd Q)| > &}
<H{yeQ;ITi(y) — mrd Q)| >¢/2}|
+1{ye Qu [Tl(y) — mr(Qy)| > ¢/2}]
<2c e e | £ /e
Since I equals either |Q;| or zero and |Q,| tends to co with j, we readily see

that (4.4) holds provided j is large enough. If Q is now so large that
lexr— mr{ Q)| < /2, then

{yeQ:ITi(y) —cxd > 1} < 1{ye Q: [TH(y) —mrd Q) > 1/2}|
<cye = | £, (4.5)

As Q is arbitrary, we get that T is of weak-type (1, 1) (modulo constants).
This completes the proof.

Remark 4.4. The estimate (4.5) for T, a singular integral operator, is
due to Riviére.
Proposition 4.3 admits a more localized version, namely

PROPOSITION 4.5. Suppose S and T are operators such that M, Tf(x) <
cSf(x), for a sufficiently small, and S is of weak-type (1, 1). Then there is a
constant c¢ such that

{ye R ITH(y) —cxl > 1, SA(y) <At} <cre ™ | [/t

for constants c,, c, depending only on n, o, S, and T.

The proof, which follows at once from Theorem 2.7, is left to the reader.
The formulation of Proposition 4.5 in case of finite cubes Q instead of R” is
also left to the interested reader.
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To apply Proposition 4.5, it becomes important to determine under what
conditions we can find a weak-type (1, 1) operator S so that

M, Tf(x) < cSf(x). (4.6)

We shall see, as a particular case of Example 4.9, that when n=1 and T=
Hilbert transform, we can choose S= M, the Hardy-Littlewood maximal
function. In this case Proposition4.5 becomes a recent result of
Muckenhoupt [27], who improved on an earlier result due to Hunt [18].
Hunt used his version of Proposition 4.5 to show that

Tty J(x) =sup |S,, f(x)|/log log n, < 0,
k

a.e. for all fe L'([ —x, n)). Here S,, f(x) denotes the n,th partial sum of
the Fourier series of f for the lacunary sequence {n, }. Then by employing a
theorem of Stein [34], the weak-type (1, 1) estimate for T%,,, fis obtained.
The application of Proposition 4.5 avoids the use of [34]. Moreover we
can show, by means of an argument similar to the one we shall employ in
the proof of Example 4.9, that in this case we have inequality (4.6) with
T=T%,, and §=M%*, the sharp-maximal operator.

Let us consider, then, the possibility of improving the “control in
probability” given by Propositions 4.1 and 4.2 to pointwise estimates such
as (4.6), with S=M or M* such as in the instances described above. To
this end we introduce the following conditions pertaining to kernels k(x, y)
defined on R” x R™\diagonal,

(Ap) supsup J

r3 lul <1

j lks(x+u, x+y)—ks(x+v, x+y)| dudv<D(y)
lrl<1
and

(o) sup| [ lkyu—y)—kylo— )| dudo < D(y),
3 lul <t YIv| <1

where as usual k4(x, y)=0 ""k(x/d, y/d) and ks(y)=35""k(y/0). We then
have

THEOREM 4.6. Let Tf(x)= [ k(x, y) f(y) dy be an integral operator of
weak-type (1, 1) and suppose that k(x, y) satisfies (Ag), where for |z| 2 N,
some large value, ®(z) is a radial, nonincreasing, summable function. Then
Jor a < ag(n) sufficiently small we have with ¢ = c(a),

MF, Tf(x) < cMf(x).
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Proof. For convenience we introduce the “centered maximal functions”

B (x)=sup 1o j f)] d,

x = center of Q, and similarly for Mg, f(x). It is readily seen that Mf(x)~
Mf(x) and similarly for Mg, f(x).

Let O be a cube centered at x,. For a fixed locally summable function f
we set

J(x)= f(x) xnrno(x) + f(x) xurngy(x) = fi(x) + fr(x), say.

Since T is of weak-type (1, 1) we have

{yeQ:ITH() >t} < [{ye R" |Tfi(y) > t}]
<clfil/t<cn'2NQ| Mf(xo)/t < |QI/2, (4.7)

provided that 7> ¢’ Mf(x,).
As for f,, by Chebychev’s inequality we have

[y € 0: Th(0) = (Dol > 1} < | 1T = (o)l i
<J 10N (g [, [, tetx )= ke e e, (a9

Let us estimate the innermost integrals I. The cube Q is obviously con-
tained in a ball with the same center as Q and with radius § = diam Q/2 =
n'2|{Q|""/2. Hence, by changing variables we see that

52:1
KI—Q_IJ| |<1£ VBt 0, ) —k(8v+ o, )| du i

Y] £u|<l-£v|<1 lks—1(u + xo/8, (¥ — X0)/0 + x0/0)

— ks-1(v+ x¢/0, (y — x0)/0 + x0/8)| du dv.
Thus by (4,4),

2n

o" é
I<1gr By =x0)/8) =75 Bsly = Xo) < ¢ Q] Dol y — %)

whence the right-hand side of (4.8) is majorized by

c101 [ 120 @slxo— y) dy (49)
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which in turn does not exceed

¢ |Q| Mf(xo)/t (4.10)

since by our assumptions sup;. , | fo|* ®s(x,) < cMf(x,). Thus

1{y€Q: ITh(y) ~(Th)gl > 1}| S cMf(xo) 1Ql/1<a|Ql/2  (4.11)

provided that t}cﬁf (x0). Since Q is arbitrary we can combine (4.8) and
(4.11) and obtain that for all x in R”",

Mg, Ti(x) < cMf(x),
which is equivalent to the desired conclusion.

In the same spirit we prove

THEOREM 4.7. Let Tf(x) = [z k(x, y) f(y) dy be an integral operator of
weak-type (1, 1) and suppose that k(x, y) satisfies (Ag) where for |z| = N,
@(z) is a radial, nonincreasing function such that ., . y ®(z)log |z| dz < .
Then for o < ag(n) sufficiently small we have

MZ, Tl(x) < cM*f(x).

Proof. Let M*f(x) denote the centered sharp maximal function and let
Q be a cube centered at x,. Since M*f(x)= M*(f — ¢)(x) for any constant
¢, there is no loss in generality in assuming that f,2ye = (1/[n"2NQ|)
j,,mNQ f(y)dy=0. The argument used in the proof of Theorem 4.6 needs
only minor changes once the following variant of Lemma 2.4 of Fefferman
and Stein [12] is invoked.

LemMMa 4.8. For a given cube Q and a> 1,
| fuo—Tol <4 inf M¥f(x).  j=1.2...

The proof of this lemma, being immediate, is not given here. To continue
with the proof of the theorem we decompose f = f, + f, as in Theorem 4.6.
Since f,i2yo =0 we may treat Tf, exactly as before. To estimate the term
involving Tf, we consider, in view of (4.8) and (4.9),

1=J. | f2(3)] Po(xo— ) dy < 3, [ ()] Polxo— y)dy

j=0 J-bj v 1@\b0

<T et io) | 1,
i=0 bjs1
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with 8 =n'2|Q|""/2 and b,=2/n"?N. This is clearly less than

w A 1
¢y &N — fo.10l Ay
L N g jbmglf(y) foro
+c Z S(2'N) ffijQ—fonI =cl+cly,
Jj=0

say. As the integral in each of the summands of 7, does not exceed
|b,+101 M*f(x,), it follows that

I, <c< 3 qb(sz)) M#f(xo)ch
=0 }

J

() dy) F*(xo).

vl > N/2

Moreover, according to Lemma 4.8,
Bee( 3 o@m);) i*ix)

Jj=0

<c (fl o0y dy) B*f(x).

Putting these estimates together we get that
I<cM*f(x,)
and consequently
{yeQ:ITh(p) — (Th)ol > 1}] < cM*f(x,) 1Ql/1 < |Q]/2,
provided that 7> cM*f(x,). Since Q is arbitrary we conclude that
Mg, Tix)<cM*f(x)  all xin R".

This is what we wanted to show.

Remark 4.9. It is readily seen that Propositions 4.1 and 4.2 and
Theorems 4.6 and 4.7 remain true if we replace Mg, Tf by M*Tf for
O<p<l

We discuss now some examples of kernels which satisfy (45), and con-
sequently (Ag).

ExamrLE 4.10. Let k(x)=(x)/|x|" be a classical Calderon—Zygmund
kernel with ©(x) a homogeneous function of degree 0 and [, Q(x')
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do(x')=0. We also assume that € is essentially bounded on X and that it
satisfies the Dini condition {} w(d) d/5 < oo, where

w(d)= sup J

tyl>1/8 Yiul <1

LM 1Q(u— p) — Qv — y)| du dv.

For these kernels we have (45) with @(y)=cw(c/|y]) 1y ="+ ¢ |2l Lo(s)
|yl =+ Y. Indeed, because of the homogeneity of the kernel it is enough to
consider 6 = 1. In that case and for | y| > 10, we have

'[I |<1j| <1 k(u—y) = k(v —p)| du dv

Qu—y)—Q(v—
Sf f [£2(u~y) n(v N it do
lul <1 Yo <1 lu—yl

11
u—y|" fo—y|"
<ew(c/|y)) Iyl ™"+ e 12 Loz 1yl ~ " TV =D(p).

du dv

+ €2 L“O(Z)J j
jul<1 Ylp| <1

As the singular integral operator Tf(x)=p.v. _f rmk(x—y) f(y)dy is of
weak-type (1, 1), cf. [6], from Theorem 4.6 it follows that

Mg, Tf(x) < c Mf(x).

If on the other hand (! w(8)log(e/5) d6/6 < oo, by Theorem 4.7, we con-
clude that

ME, Ti(x) < cM?*f(x).

In the next two examples we assume the condition (A4,).

ExaMPLE 4.11. Assume that the kernel &k(x, y) satisfies the (4,) con-
dition with & radial, nonincreasing, integrable (for iarge values) and that
lk(x, y)I<c|x—yl " Let kx, y)=k(x,y) when |x—yl=¢ and 0
otherwise. If the operator

T*f(x)=sup

e>0

ey

is of weak-type (1, 1), then with ¢ =c(a),
Mg, T*f(x) < c Mf(x).

The proof is immediate. For a fixed cube Q centered at x, and a given f
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we put f = f| + f3, with f; supported in a multiple of Q and f, supported in
the complement. For f; we see at once that

M, T*f1(x0) < cMf(x,).

As for f, observe that for x€ Q,
| T*f5(x)— (T*f2)Q|
< sup

J|J e 0 =k o i) dy

<e (1) + [ Lo ([ s 9=tz v ) )

dz

By the argument used to bound the similar expression (4.8) it follows that

M, T*f5(x0) < cMf (x,)

This completes our discussion. The weak-type (1, 1) estimate for T* is
known to hold, for instance, for Calderon—Zygmund operators, cf. [6].

ExampLE 4.12. We say that a function p(x, £) is a classical symbol in
the class S7'; provided that

1050 plx, E)l g, (1 + [ &)= P+

for all multi-indices g, y, and all x, & in R". Consider the pseudodifferential
operator (Y.d.o)

plx D) f(x)= | e “p(e, £) F(8)

defined a priori for Schwartz functions f on R”. We will sketch the proof
that the ¥.d.o p(x, D) defines an integral operator with kernel satisfying
the (44) condition with &(z)=|z| ~"*%), with ¢=1, for instance, for |z|
sufficiently large, when p(x, ) is in the class S7;, 0<d< 1.

For this purpose let ¢ be a function supported in {£:27'<|¢| <2} and
such that > ® #(2778)=1, ¢#£0. Let p,(x, D) denote the y.d.o with

V= —

symbol p,(x, &)= p(x, &) ¢(2~"¢). We can write

PUx D) f(x) =kl ) f(3) d,
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where the kernel &, is defined by

K, )= e r9p (x, 8y de.
Rﬂ
The estimate we need is given by

LeMMA 4.13.  Let p(x, &) be a symbol of class S7;, m>0. For every
azm we have

Ikv(x’ }’)| £c |x— y| —a min(2"”’ 2V(n+m~a)).

Proof. 1t is left to the reader with the observation that when a is an
integer it follows directly by partial integration and in the general case it
follows from this case at once.

We return to the proof. Since p is a symbol of class S, so is p,, and
moreover from Lemma 4.13 it readily follows that the kernel k, satisfies the
estimate

£ ke (x/t, y/t)| <t |z— y| =@+ Y min(2™, 2 ) (4.12)

whenever |[x—z| <1 and |p]>10. On the other hand for x = (x,,.., x,),
and z=(zq,., z,)

1
0

kv(-x5 y)_kv(z9 ,V)= Z (x]“’zj‘)j J eZni(x(s)—y,f)
i=1 R

ap, .

x ( = (x(s), €)+ 2ni¢, py(x(s), € )) ds de,
j

where x(s) =z + s(x — z). We have two different kinds of terms in the above

sum. For the terms involving 0p,/0x, we use Lemma4.13 with m=,

a=2n, and for the terms involving £, p, we use it with m=1, a=n+3 to

get that

17" ke (x/t, y/t) —k(z/t, y/t)|
Lc{t"|y—z| " *min(2*", 2 "1~
+ 2 |y —z| =YD min(2™, 22)}. (4.13)
Finally to show that the kernel k of the y.d.o p satisfies the desired (4,)
estimate we put k=X __ k, and invoke (4.12) for the expressions

involving large v’s, namely whenever 2°6 > 1, and (4.13) for the remaining
v’s. The desired conclusion follows upon summing over v. Iliner [19] has
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shown that the operators p(x, D) with symbols in S9; are of weak-type
(1, 1). From Theorem 4.6 we conclude at once that

MZ(p(, D) f)(x)<eM*f(x) (4.14)
provided « is sufficiently small.

ExampLE 4.14. This example is related to results of Aguilera [1]. For
simplicity in the notation, we assume that n=2. Set

1
M () =sup e | 1101 d,

where {R} is the family of all rectangles with sides parallel to the coor-
dinate axes such that the ratio longer side-shorter side = 2*. Let # denote
the family of all rectangles centered at the origin with sides parallel to the
coordinate axes and let

Tof)=] KpfGx=y)dy,  ReZ,

R™

where |k(y)| <c|y| 2% k satisfies (4,) with @ radial, nonincreasing and
integrable and the operator

Tf(x)=(p.0) [ k(») fx~y) dy

is of weak-type (1, 1). Then for

T% f(x)=sup |Trf(x)l,

Re#

it follows as in [1] that 7% is of weak-type (1, 1). We now claim that

ME(TEN)x)<c S 2-*M f(x). (4.15)

k=0

To prove (4.15) fix a cube Q centered at x,. As in Example 4.11 we
estimate

sup |Trf(x)—Trf(2),

Re#F
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where supp f < (BQ)°, f=n"2N and x, z are in Q. Let R= {x = (x,, x,):
|xy| <a, |x,| <b} be an arbitrary rectangle with a > b, say. Clearly

[Trf(x)—Trf(z) <c J |xr(x = y) k(x—y) = xalz —y) k(z—=y)| | f(¥)| dy
=cl.

Having fixed x and z the values of y for which the above integral does not
vanish fall into three classes, namely: (i) both y4z(x —y) and yx(z —y) are
1, (ii) both yg(x—y) and yx(z — y) are 0, and (iii) one of the characteristic
functions is 1 and the other is 0. In case (i) we get the bound

1< [ 1k(x=y)=k(z =) 1 f(3)l dy

and as in Theorem 4.6 we see that in fact

1< cMf(x,).

In case (ii) there is nothing to prove as I=0. In case (iii) to fix ideas sup-
pose that yz(x—y)=1 and yg(z—y)=0. This means that |x;, —y,| <g,
|x, — y,| < b and in addition one of the following three conditions holds, to
wit: (iii,) |z, — y4| <a, |2, —y,| > b, (iii,) |z, —y,| > a, |22 — Y| > b, or (iii3)
|z —yil >a, |z,—y,| <b. Because of our assumptions, since xe Q and
supp f < (BQ)° we have that |x,—y,|~|z,—y,|. Hence if either (iii,) or
(iti,) holds, then |x,—y,|~b. Let Iy={y=(y,y:):|x1—yal <b,
|x2—yal <b} and Li={y=(y1,y2): 2°'b<|x;—y| <2,
|x,—y,) <b}, k=1. Then

1<e 3 [ xulyymax(ix, = nl, ey —va) 170
k=0

<eb™? ( [ 2 17 @+ L 2% 7N dy)

x1—yil <26+ 1| x3 ~ pol < b

<c Y 27FM f(x,).
k=0

As case (iii;) can be handled in a similar way our proof is complete.

The main application of the point-wise estimates discussed above is to
weighted inequalities, including the limiting case of weak-type (1, 1), and to
vector-valued inequalities. More specifically we prove
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THEOREM 4.15. Suppose that w is an A (R") weight and that T is an
operator which satisfies

Mg, Ti(x) < ¢ Mi(x) (4.16)

for o sufficiently small. Then for each f there is a polynomial g(Tf) (of
appropriate degree according to w, ¢f. Remark 2.11) such that

NTE— q(THI 5. < IMIY
for l<p<oo,0<r<o or p=1and r=co. Also
1T, <cll flle-
Proof. That T is of type (o0, *) is obvious. Moreover since
Mg, Tix)<cME, Ti(x)
we also have that
Mg, Ti(x) < c Mf(x)

for o sufficiently small. Consequently by the weighted version of
Corollary 2.6 it follows that there is ¢(Tf) such that

ITE—g(TON 0 < € 1M, THN g < € M|

0,0;w

This completes the proof.

THEOREM 4.16. Suppose that w is an A _(R") weight and that T is an
operator which satisfies

Mg, Ti(x) < cM*f(x) (4.17)

Jor o sufficiently small. Then for each f there is a polynomial q(Tf) (of
appropriate degree according to w) such that

”Tf— Q(Tf)” p.rw <c “M#f || prw
for l<p<o0,0<r<ow orp=1andr= 0. Also
1T <c IM*f] .

The proof, being identical to that of Theorem 4.15, is omitted.

Remark 4.17. Some instances of Theorems 4.15 and 4.16 are, of course,
known. The reader may consult Muckenhoupt’s survey paper [26] for
further details. In this context, we only mention here that Miller [25] has
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discussed some weighted inequalities for .d.o’s which are covered by
Theorem 4.16. As for the weighted version of Aguilera’s result the interested
reader can verify that if w is a weight which satisfies the 4,(R", k) con-
dition for all &, i.e., if w satisfies the usual 4, condition over rectangles with
ratio larger side-smaller side = 2%, and if c,(p)=the 4,(R" k) constant
for w is such that 3_, 2 ~%c,(p) < oo, then for each f there is a polynomial
q(T% f) such that

”T}f—q(T}f)“p,wgcHf”p,wa 1<p<@
and if £, 2 %c,(1)(log 1/2 ~*ex(1)) < oo, then

”T;f-q(T}f)Hl,m,wgc ”f”l,w

The proof of this remark is obvious and is therefore omitted. We warn
the reader that we did not strive for the best possible result in this case.

Remark 4.18. Tt is possible to extend Theorems 4.6 and 4.7 to integral
operators T which map L!(R") into L.*®(R") continuously. A
straightforward condition implying that with ¢ = c(«),

M#

0,0;w

Ti(x) < cM,, f(x)

is given by
(4o,) SZP;(‘}Q—)E J, I, Vet )=k, )1 wia) wie) dado < (),

with & radial, nonincreasing, and in L} (large values). Results of this
nature have been discussed by Kurtz and Wheeden [24].

As for the weighted vector-valued estimates we have

THEOREM 4.19.  Suppose that w is an A ,(R") weight and that {T;} 7., is
a sequence of operators verifying (4.16) uniformly, ie., with a constant ¢
independent of j. Then for functions {f;} there is a sequence {q{T;f;)} of
polynomials of appropriate degree, depending on w, such that

1/s 1/s
V(Z Iijj-q,-(Y}fj)l‘> <c (Z(Mf,.)S) (4.18)
4 prw J priw
for l<p<oo, 1<r<oo, 1 <s<oo, and
/s t/s
” (Z \T;f,— q,-(TjJ’,-)is) <c (Z (Mf,-)‘) (4.19)
J 1,00;w J 1,00;w
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Proof. The proof follows along the same lines as that of Theorem 4.15
using 2.13 and the weighted vector-valued version of the results of Feffer-
man and Stein and is therefore left for the interested reader.

Remark 4.19. Suppose that all the f;s above save one, f; say, are 0. We
can then use Muckenhoupt’s results and estimate |Mf, ||, ., by || fill 1., in
(4.19) if (and only if) wis in A,(R") and use the result of Chung, Hunt, and
Kurtz [10] and estimate |Mf,]| ., by || fill ... in (4.19) if (and only if) w
isin A, (R")=A,(R"). The same resuit is true in the vector-valued case. A
simple way to see this is to observe that by Holder’s inequality Mf(x) <
cM,, f(x), where

Myt =s0p (2= [ 1w )

xeQ

if wisin 4,, 1 < p<oo. This immediately takes care of the case p =1 since
the maximal theorem of Fefferman and Stein is true for doubling weights.
Similarly for (4.19) we have only to recall that 4, implies 4, ,, p>1 and
some ¢>0, and therefore Mf(x)<cM,_ ., f(x) as well Another
application of the maximal theorem of Fefferman and Stein establishes the
desired conclusion in this case. These remarks provide a slight extension to
the results of Anderson and John [2].

Remark 4.20. Although we do not pursue the matter here the techni-
ques described above can be used to give vector-valued versions for
sequences of operators {7} verifying, uniformly, estimates such as (4.15)
or (4.17), say. For instance in case (4.17) holds the right-hand side of (4.18)
is replaced by [(TAM*f))"”|l,,. and that of (419) by
135 M#£)) |l .0 respectively. Similarly for (4.15).

5. SPACES BETWEEN L* AND BMO

We shall use this section to make some remarks pertaining to the couple
A= (L™, BMO):

Remark 5.1. Garnett and Jones [13] have computed the distance in
BMO to L™. Recall that the John—Nirenberg inequality,

S“"(lgn {xeQ:|f(x)— fgl>1}|)<e‘“ (51)

holds whenever fis in BMO(R") and A> (s, f). In fact, e=c || f||, and
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Ag=c,&, with ¢ and ¢, depending only on the dimension n, will do.
Moreover, if fe L*(R"), then (5.1) obtains for all £ > 0. Setting

&(f)=inf{e>0:(5.1) holds},
Garnett and Jones showed that

dist(f, L*) = lim E(¢, f; A)~e(f). (5.2)

Now for a locally integrable function fand 0 <a <1 set

M&faf(X)=SuIQ>inf{A 20:1{yeQ:|f(y)—fol > 4} <a|Ql}.

With this notation, a careful application of a John—Nirenberg-type lemma
and the argument of Garnett—Jones, shows that we have the following
sharpening of (5.2):

Kt f A=IME, o f |

a result independently obtained by Svante Jansson.

This explicit evaluation of the K-function allows us to complete the
statement of Riviére’s interpolation theorem to include the case p, = o as
well. The reader can supply the needed details.

Remark 5.2. Bennett, DeVore, and Sharpley [3] have shown that the
local Hardy maximal operator preserves BMO. An argument in the spirit
of the proof of the basic inequality complemented by Theorem 3.4 shows
that this is a consequence of the inequality

MZ 0 (MI)(x) < Mo 0 (M*[)(x),

o sufficiently small.
Consequently the classes 44, are preserved by the local Hardy maximal
operator as well.

Remark 5.3. Intermediate spaces between L® and BMO arise naturally
as the range of mappings such as the potential operator. The Riesz poten-
tial operator I,f(x)={f(y)/|Ix—y|™dy, 0<a<1, maps L”'(R") into
L*(R")and L7»*(R") into BMO(R"), p=1/a, and by interpolation, L"* =
LP(R")into Ay, g With 6=1—1/p.
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